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ABSTRACT
We study N = 1 domain wall solutions of type IIB supergravity ompatied
on a CalabiYau manifold in the presene of RR and NS eletri and magneti
uxes. We show that the dynamis of the salar elds along the diretion
transverse to the domain wall is desribed by gradient ow equations on-
trolled by a superpotential W . We then provide a geometrial interpretation
of the gradient ow equations in terms of the mirror symmetri ompat-
iation of type IIA. They orrespond to a set of generalized Hithin ow
equations of a manifold with SU(3)× SU(3) struture whih is bered over
the diretion transverse to the domain wall.
May 2006
1 Introdution
Domain wall (DW) solutions of supergravity have reeived a lot of attention
reently whih is largely due to their role in the AdS/CFT orrespondene
[1℄. However, apart from this appliation they also have been studied as
a lass of supersymmetri ground states alternative to the ommonly on-
sidered Minkowski or AdS bakgrounds. In partiular supergravities with
non-trivial bakground uxes often do not admit a stable, four-dimensional
supersymmetri ground state but they do have BPS DW solutions. For ex-
ample, in type IIB supergravity ompatied on Calabi-Yau threefolds with
non-trivial three-form uxes it is neessary to inlude D-branes and orien-
tifold planes in order to anel the tadpoles indued by the uxes and to
obtain an N = 1 supersymmetri Minkowski bakground [2℄. On the other
hand without orientifold planes no four-dimensional Minkowski bakground
is allowed. However, in this ase three-dimensional N = 1 DW solutions do
exist [3, 4℄.
In this paper we ontinue the study of suh DW solutions of type IIB and
generalize the previous results [3, 4℄ in various respets. More speially we
start from type IIB supergravity ompatied on Calabi-Yau threefolds with
eletri and magneti bakground three-form ux for both the NS three-form
H3 and the RR three-form F3 [5℄[10℄. In the presene of the magneti uxes
the four dimensional antisymmetri tensors elds Bµν and Cµν beome mas-
sive [10℄. For this ase the orresponding supergravity has only reently been
onstruted in refs. [11℄[14℄. Using these four-dimensional N = 2 super-
gravities we study their N = 1 DW solutions inluding non-trivial magneti
uxes. We nd that the resulting DW neessarily is at and furthermore
that the bakground prole of the salar elds is governed by a set of gradi-
ent ow equations expressed in terms of a single superpotential W , whih is
related to the superpotential suggested in [6℄.
The DW solutions of type IIB have their mirror analogous in type IIA.
Without uxes mirror symmetry identies type IIB ompatiations on a
Calabi-Yau manifold Y˜ with type IIA ompatied on the mirror Calabi-
Yau Y [15℄. In the presene of RR uxes mirror symmetry is straightfor-
wardly extended by also exhanging the respetive ux parameters [6, 10℄.
For NS uxes the situation is slightly more involved in that mirror symme-
try an relate Calabi-Yau ompatiation with uxes to purely geometrial
ompatiation on a manifold Yˆ without ux [16℄[19℄ or possible also to
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non-geometrial bakgrounds [20℄. For the ase of geometrial bakgrounds
Yˆ is no longer a Calabi-Yau manifold but rather a manifold with SU(3)
struture or more generally with SU(3)× SU(3)-struture [21℄[30℄. In suh
ompatiations the (intrinsi) torsion of Yˆ plays the `mirror-role' of the
uxes.
This generalized mirror symmetry is also reeted in the DW solutions.
For eletri uxes it was shown in [4℄ that the mirror symmetri DW an be
interpreted as a solution of type IIA supergravity in a warped bakground
M1,2 ×w X7. As a onsequene of the N = 1 supersymmetry of the DW
X7 has G2 holonomy and furthermore onsists of a six-dimensional manifold
Yˆ bered over the real line. The G2 holonomy onstrains Yˆ to be within
a speial lass of manifolds with SU(3) struture termed `half-at' [21, 22℄.
From a mathematially point of view suh bration were studied in [21℄ and
the DW solution preisely orresponds to the Hithin ow equations.
For magneti uxes mirror symmetry is more involved. In [29, 31℄ it is
shown that in this ase Yˆ has to be within a speial lass of manifolds with
SU(3)× SU(3) struture. In this paper we generalize the analysis of ref. [4℄
and show that the mirror symmetri DW solution of type IIB with magneti
NS-ux also is of the form M1,2 ×w X7. However, in this ase Yˆ has to be
a manifold with SU(3)× SU(3) struture whih satises a set of generalized
Hithin ow equations given in ref. [28℄. X7 in turn has an integrable G2×G2
struture and is Rii-at as demanded by string theory.
This paper is organized as follows. In setion 2 we set the stage for
our analysis and reall the N = 2 supergravity arising as the low energy
limit of type IIB string theory ompatied on Calabi-Yau threefolds with
bakground ux. In setion 3.1 we study the N = 1 DW solutions and show
that the salar elds vary aording to gradient ow equations. In setion 3.2
we expliitly solve these equations and rewrite the solution in terms of mirror
symmetri type IIA variables. This sets the stage for setion 4 where we show
that the DW solutions orrespond to generalized Hithin ow equations of
a geometrial SU(3) × SU(3) bakground. Further details are found in two
appendies.
2
2 N = 2 Supergravity with Abelian eletri and
magneti harges
In order to set the stage for the disussion of the DW solutions let us briey
reall the struture of N = 2 supergravity with massive tensor multiplets as
it arises from type IIB string theory ompatied on Calabi-Yau threefolds
with both eletri and magneti three-form uxes. The N = 2 supergravity
inluding massive tensor multiplets has been onstruted in referenes [11,
12, 13, 14℄ where further details an be found. Here (and in appendix A) we
only summarize the results needed in the following.
An N = 2 tensor multiplet ontains nT ≤ 3 antisymmetri tensor, 4−nT
real salars and two Weyl fermions as its omponents. If the tensors are
massless they an be dualized into salars and hene a massless tensor mul-
tiplet is dual to a hypermultiplet whih ontains four real salars and two
Weyl fermions [32, 33℄. In this dual formulation the remnant of the tensors
are translational isometries ating on the dual salars. In the standard (un-
gauged) N = 2 supergravity [34℄ one dualizes all tensor multiplet suh that
the theory ontains only one gravitational multiplet, vetor multiplets and
hypermultiplets.
On the other hand a massive tensor is dual to a massive vetor and it is
often more onvenient to keep the tensor multiplet in the spetrum. Suh
a theory an be viewed as a N = 2 supergravity with tensor multiplets
whih is deformed by Abelian eletri and magneti harges [11, 12, 13℄.
These harges are not related to any gauging of isometries on the residual
salar manifold. Instead the eletri harges appear in GreenShwarz type
interation of the tensors with the gauge elds while the magneti harge
appear in the Stükelberg mass terms of the tensors.
In this paper we do not disuss the general ase [13℄ but instead fous on
type IIB theories ompatied on Calabi-Yau threefolds Y˜ in the presene of
eletri and magneti three-form uxes [12, 9, 10℄. In this ase the spetrum
features a gravitational multiplet





where gµν is the metri, ψAµ, A = 1, 2 are the two hiral gravitinos while A
0
µ





i) , i = 1, . . . , nV , (2.2)
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where Aiµ are the gauge bosons, λ
iA
are the doublets of hiral gaugini while
ti are omplex salars.1 Finally there are nH = h
(1,1)
hypermultiplets and
one double tensor multiplet. Sine they ouple non-trivially it is onvenient
to ombine them as
(ζα, ζ
α, qu, BIµν) , α = 1, . . . , 2nH + 2 , (2.3)
u = 1, . . . , 4nH + 2, I = 1, 2 .
Eah of these multiplets features two hiral hyperinos whih we olletively
denote as ζα. The bosoni omponents of the hypermultiplets are 4nH real
salars, while the double tensor multiplet ontains two antisymmetri tensors
BIµν (they are the four-dimensional part of the RR and the NSNS twoforms)
together with the axion l and the four dimensional dilaton ϕ. We denote the
salars in the hypermultiplets and in the double tensor multiplet olletively
by qu.
The bakground uxes arise from expanding both the RR three-form F3




F3 + τH3 = m







Λ = mΛ1 + τmΛ2 , (2.5)
are the eletri and magneti bakground uxes
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and τ is the ten-dimensional
omplex type IIB dilaton τ = l + ie−φ. The three-forms (αΛ, β
Λ) denote a
real, sympleti basis of H3.
In the next setion we will searh for N = 1 DW solutions of the eetive
supergravity arising from type IIB ompatiations. For this task we need
the salar part of the supersymmetry transformation of the fermions whih
1
Here h(1,1) and h(1,2) are the Hodge numbers of the Calabi-Yau manifold Y˜ . Through-
out the paper we denote by ti the salars of the vetor multiplets irrespetive of their
geometri origin. In type IIB ompatiation they orrespond to deformations of the
omplex struture while in type IIA ompatiation they parameterize the Kähler defor-
mation (f. appendix A).
2
The nomenlature eletrimagneti is linked to the denition of the eletri versus
magneti gauge bosons whih arise in the expansion of the type IIB four form C4 aording
to C4 = A
Λ
1 αΛ− A˜1 ΛβΛ+ . . .. Here AΛ1 are the (h(1,2)+1) eletri gauge bosons (inluding
the graviphoton) while A˜1 Λ are the orresponding dual magneti gauge bosons.
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an be nontrivial along the DW. In partiular, in the following we set to
zero the eld strengths of the vetors and the tensors. With this assumption
the supersymmetry transformation of the two gravitinos ψµA has the form
[11, 12, 13℄
δψµA = DµεA + iSABγµε
B , (2.6)
where εA are the two supersymmetry parameters and SAB is a hermitian
SU(2) matrix whih depends on the bakground uxes (2.5). For the type






I 〈V,KI〉 , I = 1, 2 , (2.7)
where the quaternioni onnetion ωxI is given by [35℄
ωx1 = δ
x3e2ϕ , ω12 = −e2ϕImτ , ω22 = 0 , ω32 = e2ϕReτ . (2.8)
Here e2ϕ = 1
8
e−KHe2φ is the four-dimensional real dilaton, φ is the ten-
dimensional IIB dilaton and
1
8
e−KH is the volume of Y˜ whih is dened in
(A.21). We also assembled the bakground uxes into (sympleti) vetors
KI = (mIΛ, eIΛ) and dened the sympleti inner produt 〈 , 〉 as:
〈V,KI〉 = (LΛeIΛ −MΛmΛI) , (2.9)
where V = (LΛ,MΛ) is dened in (A.2). The eletri and magneti harges
are not arbitrary, as supersymmetry in four dimensions [12℄ and the tadpole
anellation ondition in ten dimensions [6℄, impose
〈K1,K2〉 = 0 . (2.10)






σ3AB (〈V,K1〉+ 〈V,K2〉Reτ)− 〈V,K2〉 Imτ σ1AB
]
. (2.11)
The supersymmetry transformations of the gaugini are given by
δλiA = i∂µt
iγµεA +W iABεB , (2.12)
where









and we dened Ui = ∇iV ≡ (∂i+ 12∂iKV )V where KV is the Kähler potential
of the vetor multiplets dened in (A.1).
Finally the supersymmetry transformations of the hyperinos read
δζα = iPuAα∂µq
uγµεA +NAα εA , (2.14)
where
NαA = −2UαAI〈V,KI〉 . (2.15)
The matrixes PuAα play the rle of a vielbein on the salar manifold spanned
by the qu's, while UαAI are remnants of the vielbein on the quaternioni
manifold along the diretions whih have been dualized into salars (see ap-
pendix A and in partiular referene [11℄ for more details).
3 N = 1 Domain Wall solutions
3.1 Gradient Flow Equations
After this brief review of the N = 2 low energy supergravity arising in Calabi-
Yau ompatiations of type IIB string theory let us now turn to the main
topi of this paper and study its three-dimensional N = 1 DW solutions.
That is we study solutions of the four-dimensional N = 2 supergravity whih
preserve the three-dimensional Lorentz group SO(1, 2) and half of the super-
harges. We split the oordinates xµ, µ = 0, . . . , 3 of the four-dimensional
spae-time into oordinates (xm, z), m = 0, 1, 2, where xm denote the oor-
dinates along the DW while z parameterizes the diretion normal to the DW.
Aordingly we split the bakground metri preserving Lorentz invariane as
gµν(x
µ) dxµdxν = eU(z)gˆmn(x
m) dxmdxn + gzz(z) dzdz . (3.1)
where gˆmn(x
m) is the metri of a three-dimensional spae-time whih we
assume to have onstant urvature. (In the following the `hatted' quantities
will refer to the three-dimensional un-warped metri.) Furthermore, following
[3, 4℄ we hoose to parameterize gzz(z) = −e−2pU(z) where p is an arbitrary
real number. Finally using µ = eU(z) instead of z as the oordinate of the












W = ±epU(z)U ′(z) . (3.3)




U(z) , e3z = e
−pU(z)δ3z , a = 0, 1, 2 , (3.4)







(p+1)U(z) U ′(z)eˆam . (3.5)
Sine we are interested in DW solutions whih preserve four superharges
we rst study the supersymmetry transformations of the fermioni elds.
More preisely we solve δǫfermions = 0 for half of the superharges. This is
most easily done by imposing from the very beginning a relation on the two
supersymmetry parameters εA, A = 1, 2 whih reads [3, 4℄
εA = hAABγ3ε
B . (3.6)
Here h(z) is a omplex funtion while AAB is a onstant matrix. Consisteny
of (3.6) with its hermitian onjugate implies hh = 1 while A BA ≡ AAC ǫCB






Thus A has to be a suitable linear ombination of (1, ~σ) where ~σ are the
Pauli matries.
Finally, the ondition of onstant urvature of gˆmn(x
m) an also be ex-












is the three dimensional osmologial onstant.
The next step is to look for solutions of
δψµA = δλ
iA = δζα = 0 (3.9)
with (3.6) imposed. Furthermore, we only allow the salar elds to be non-
trivial in the DW bakground setting all other elds to zero. Sine we are
most interested in the values of the salars transverse to the DW we suppose
7
in the following that they only depend on the oordinate z and ignore their
xm dependene.




























where the proportionality fator denes the superpotential W . From (2.11)




(−σ1 BA + σ3 BA ) , (3.13)
and the onstraint
(Imτ − Reτ)〈V,K2〉 = 〈V,K1〉 . (3.14)










e−pU(hW + h¯W¯ ) , (3.16)
W = 4eϕeKH/2〈V,K2〉 . (3.17)
We see that the osmologial onstant is determined by the imaginary part
of hW while the derivative of the warp fator is determined by the real part.
W itself is determined by the uxes.
Before ontinuing let us briey disuss the limiting ases of only RR uxes
(K2 = 0) and only NS uxes (K1 = 0). In the rst ase we see from (2.11)
8
and (3.12) that A is proportional to σ3 and no onsisteny ondition needs
to be imposed. For only NS uxes the onsisteny ondition is
Imτ − Reτ = 0 . (3.18)
Now we look at to the solution of δψAz = 0. It turns out that we an
follow preisely the same steps as done in [3℄ with the only dierene that






The solution of δλiA = 0 proeeds analogously. We insert (3.6) and (2.13)
into (2.12) and obtain the onstraint
(Imτ − Reτ)〈Ui,K2〉 = 〈Ui,K1〉 . (3.20)
Dierentiating (3.14) with respet to z and using (3.20) we onlude
Imτ −Reτ = α , (3.21)
where α is a real onstant (α = 0 holds if and only if there are no RR
uxes). For our purposes we do not need to nd an expliit solution for the
onstraints (3.14), (3.20). Note that they are satised, for instane, if the
two vetors of eletri/magneti harges are parallel K1 = αK2 where α is
dened in equation (3.21). This is onsistent with the tadpole anellation
ondition (2.10) and with the two limiting ases K1 = 0 or K2 = 0.
Inserting (3.20) into (2.12) we obtain the ow equations for the salars ti
∂zt
i = −gi¯e−pU(z)h∇¯W . (3.22)
The analysis of δζα = 0 proeeds analogously and one inserts (2.15) and
(3.6) into (2.14). Using the quaternioni relations (A.13)(A.16) one nds
∂zq
u = −guve−pU(z)h∂vW , (3.23)
where guv is dened in (A.8). In addition one nds that hW has to be real
or in other words h¯ is determined as the phase of W .
h¯ =
W
|W | . (3.24)
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This in turn implies that the osmologial onstant on the DW must be zero,





Note that (3.25) holds for K1 = 0 and in partiular also for K2 = 0, that is
in the ase where just RR uxes are present [4℄.
Using (3.24) we an insert (3.16) into (3.3) to arrive at
W(z) = ±hW = ±|W | . (3.26)
Using as a transverse oordinate µ(z) = eU(z), (3.22) and (3.23) an be








= −guv∂v lnW . (3.28)
3.2 Solutions of the ow equations
So far we derived the gradient ow equations for an N = 1 BPS domain
wall in type IIB supergravity ompatied on a Calabi-Yau manifold Y˜ in
the presene of eletri and magneti RR and NS uxes. The purpose of this
setion is to study their solutions and to prepare for a geometrial interpreta-
tion in a mirror symmetri ompatiation of type IIA on some generalized
manifold Yˆ .
We will not onsider the most generi solution but instead follow [4℄ and
restrit the spae of salar elds whih an vary along the DW. More preisely
the salars in the vetor multiplets ti and the four-dimensional dilaton ϕ an
be non-trivial along the DW. As we disuss in appendix A, half of the salars
in the hypermultiplets are geometrial moduli of the Calabi-Yau manifold.
In type IIB ompatiations they orrespond to deformations of the Kähler
form and we denote them by za = σa + iλa. Following [4℄ we only allow the
λa to be non-trivial in the DW solution while σa together with the remaining
salar elds from the RR setor are kept onstant.
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Let us rst fous on the ow equations for the hypermultiplet salars.
Inserting (3.17) and (3.24) into (3.16) and (3.23) we arrive at
∂zq




2 |〈V,K2〉| , (3.30)







This equation shows that the Udependene of the quaternioni elds is
not modied by the magneti uxes and thus we expet that the solution
oinides with the solution derived in [4℄.
In order to solve equation (3.31) let us rst note that on the submanifold
spanned by the salars ϕ and λa the inverse metri guv is blok diagonal with
the omponents
gϕϕ = 1 , gab = −2
3
(
d dab − 3λaλb) , (3.32)
where we have evaluated gab in the large volume limit and dened
d = dabcλ
aλbλc , da = dabcλ
bλc , dab = dabcλ
c , (3.33)
with dab being the inverse of dab. Inserting (3.32) into (3.31) we obtain the
solution
eϕ = C e−U(z) , za = iλa = iDa e2U(z) , (3.34)





where we abbreviated D = dabcD
aDbDc. Note that as expeted (3.34) and
(3.35) oinide with the result of referene [4℄.
Let us now onsider the vetor multiplets salars. Also in this ase it is














where we have suppressed the label 2 on the NSNS uxes and dened











Using the solution (3.35), hoosing D = 12C2 and performing the hange of
oordinates dened by













If we set p = −3 and mΛ = 0 we reover the result of [4℄.
In order to derive further useful relations, let us display (3.39) more ex-
pliitly. Using (A.4) and the normalization Y 0 = − i
2
we infer
bi = −2ImY i , vi = 2ReY i , (3.40)
where we split Λ = 0, i. Inserted into (3.39) using (A.3) we arrive at
0 = m0 (3.41)
∂wb















ibjbk) = e0 (3.44)
Solutions of equations (3.42)(3.44) are disussed in appendix B.
Note that equations (3.15) and (3.16) an be rewritten in terms of the
resaled setion V
〈ReV,K2〉 = e(p+2)U∂wU , 〈ImV,K2〉 = 0 . (3.45)
Using (3.40), (B.2), (B.5) and (B.6) one an easily hek the seond equation












ivjvk = 4e2U , (3.47)
where we also used (A.5). Note that the nal form of KV does not depend on
the presene of the magneti uxes and therefore oinides with the results
of [4℄. Let us also observe at this point that the ten-dimensional type IIA
dilaton φA dened by e
2φA = 1
8
e2ϕ−KV is given by the integration onstant
introdued in (3.34) eφA = C, as an be seen from (3.34) and (3.47). This
will be important in the next setion.
We are now in the position to formulate the DW gradient ow equations
in a very ompat way, in terms of the quantities (ZA, WA) and (X
Λ, FΛ)
introdued in appendix A. First notie that the relation between (XΛ, FΛ)
and the setions (Y Λ, FΛ) an be dedued from equations (A.2), (3.37) and
(3.47). In partiular, setting the irrelevant overall phase to zero, that is






















Furthermore, in these variables (3.45) reads
ImXΛeΛ − ImFΛmΛ = 0 . (3.50)
Let us return to the ow equations for the hypermultiplet salars (3.28)
or (3.29) respetively, whose solution we already gave in (3.34). However,
in order to ompare the solution with the Hithin ow equation of the next
setion it is useful to rewrite them in a form similar to (3.49). This is ahieved
in terms of resaled variables (ZA, WA)η given by
(ZA, WA) = |c| (ZA, WA)η , |c|2 ≡ eKV −KH = D
3
e4U , (3.51)
where the last equality used (3.35) and (3.47). The geometrial meaning of
this resaling will beome more transparent in the next setion.
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Realling the denition (A.22), the solution (3.34) and the gradient ow














4 The geometry of the type IIA bakground
The DW solution of type IIB disussed in the previous setion is expeted to
have a mirror symmetri solution in type IIA. For RR uxes mirror symmetry
merely amounts to exhanging the ux of the RR three-form F3 dened in
(2.5) with the uxes of the even forms F2 and F4 of type IIA [6, 10℄. However,
for the NS-form H3 the situation is more involved in that mirror symmetry
an relate H3-ux to the torsion of a geometrial ompatiation [16, 17℄
or possibly to non-geometrial quantities [20℄. For eletri NS uxes
3 eΛ the
IIA mirror symmetri solution orresponds to ompatiations on half-at
manifolds Yˆhf [21, 22, 17℄. More preisely, in ref. [4℄ it was shown that the
DW solution takes the form of a warped produt
M(1,2) ×w X7 , (4.1)
where the seven dimensional manifold X7 onsists a six dimensional half-at
manifold Yˆhf whih is bered over R. Thus the metri takes the form
ds2(7) = dy
2 + ds2(6)(y) , (4.2)
where ds2(6) is the metri of Yˆhf and y is the oordinate of R.
Half-at manifolds are a speial sub-lass of manifolds with SU(3) stru-
ture. They admit a globally dened spinor whih is invariant under SU(3).
The existene of this spinor implies the existene of a two-form J and a om-
plex three-form Ωη.
4
For half-at manifolds J and Ωη satisfy the additional
onditions [21, 22℄
dJ2 = 0 = dImΩη . (4.3)
3
Let us reall that we suppress the index 2 for the NSNS uxes, that is we mean
(eΛ, m
Λ) ≡ (e2Λ, m2Λ).
4Ω is only dened up to omplex resaling. Therefore a hoie of normalization is
involved in the following. By Ωη we denote the three-form onstruted from a normalized
spinor or equivalently a three-form whih obeys Ωη ∧ Ω¯η = 3i4 J3.
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When Yˆhf sits inside X7 the non-trivial bration is expressed by the




2 = −dReΩη , ∂yImΩη = dJ . (4.4)
They preisely ensure that X7 has G2 holonomy whih orresponds to the
N = 1 supersymmetry of the IIB DW solution.
In this setion we suggest a generalization of the type IIA geometri om-
patiation whih also aptures the mirror of non-trivial type IIB magneti
uxes mΛ. More preisely we hek that ompatiations of the form (4.1)
where X7 ontains a bered produt of a six-manifold with SU(3) × SU(3)
struture times the real line are mirror dual to type IIB DW solutions with
eletri and magneti ux. This generalized mirror symmetry has reently
been suggested in ref. [25, 29, 30, 31℄ and here we onrm that it also holds
for the ase of the DW solution onstruted in the previous setion.
In order to hek this proposal let us briey summarize the results of refs.
[29, 31℄. It was shown that the most general possible geometrial ompati-
ation of type II string theories involves manifolds with SU(3)×SU(3). Suh
manifolds are dened by the existene of two loally inequivalent spinors.
Eah of them is left invariant by an SU(3) and thus together they dene
what is alled an SU(3) × SU(3) struture [27, 28℄. Compatiations on
suh manifolds lead to an N = 2 low energy eetive ation in four spae-
time dimensions. The spae of salar elds is most onveniently expressed in
terms of two pure spinors of SO(6, 6) denoted by Φ±. Geometrially Φ+ is
a sum of even forms while Φ− is a sum of odd forms. If one projets out all
possible massive gravitino multiplets both Φ+ and Φ− enjoy an expansion of
the form
Φ+ = X
ΛωΛ − FΛ ωΛ , Φ− = ZAη αA −WηA βA . (4.5)
The (ωΛ, ω
Λ) form a (non-degenerate) sympleti basis on the spae of even
forms while (αA, β
A) form a sympleti basis on the spae of odd forms.
They are normalized aording to:∫
Y
ωΛ ∧ ωΣ = δΣΛ ;
∫
Y
αA ∧ βB = δBA . (4.6)
In addition Φ± satisfy a ompatibility ondition whih in terms of the ex-
pansion (4.5) reads [29, 31℄
(XΛF¯Λ − X¯ΛFΛ) = (ZAW¯A − Z¯AWA)η . (4.7)
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Φ± are only dened up to arbitrary resaling and as shown in [29℄ the low
energy eetive ation or more preisely the Kähler potentials depend on the
resaled setions (ZA, WA) whih are related to (Z
A, WA)η preisely by the
resaling (3.51). In terms of (XΛ, FΛ) and (Z
A, WA) the Kähler potentials
are again given by (A.1) and (A.20), respetively. Furthermore, it is possible
to hoose speial oordinates where X0 = −i, Z0 = 1 holds and in these
oordinates mirror symmetry is realized by imposing [30, 31℄
dα0 = m
ΛωΛ − eΛωΛ , dαa = dβA = 0 , dωΛ = eΛβ0 , dωΛ = mΛβ0 .
(4.8)
One shows that for type IIA ompatiations on manifolds obeying (4.8)
spetrum and eetive ation oinide with that obtained by ompatifying
type IIB an Calabi-Yau threefolds with eletri and magneti NS three-form
ux turned on [31℄. For mΛ = 0 one preisely obtains the half-at manifolds
disussed above. In this ase one has Φ+ = e
B+iJ
and Φ− = Ωη, where B is
the NS two-form.
What is left to study are the SU(3)× SU(3) generalizations of (4.3) and
(4.4) and to show that they orrespond to the DW solutions of the previous
setion. From a mathematial point of view the generalized ow equations
have been derived in ref. [28℄ and (in our notation) they read
d ImΦ− = d ImΦ+ = 0 , (4.9)
∂yImΦ+ = −dReΦ− , (4.10)
∂yImΦ− = dReΦ+ . (4.11)
Let us now show that these ow equations together with (4.8) oinide
with the DW solution of the previous setion. We start by omputing dΦ±
and insert (4.8) into (4.5). This yields
dΦ+ = (X
ΛeΛ − FΛmΛ) β0 , (4.12)
dΦ− = |c|−1(mΛωΛ − eΛωΛ) , (4.13)
where |c| is dened in (3.51). From the reality of the right hand side of (4.13)
we immediately onlude d ImΦ− = 0. Furthermore d ImΦ+ = 0 oinides
with the ondition (3.50).
The next step is to ompute ∂yImΦ±. Using (4.5) we arrive at
∂yImΦ+ = (∂yImX
Λ)ωΛ − (∂yImFΛ)ωΛ , (4.14)
∂yImΦ− = (∂yImZ
A
η )αA − (∂yImWη A) βA . (4.15)
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Changing oordinates aording to
dy = |c|−1dw , (4.16)
we see that ∂yImΦ+ = −dReΦ− preisely orresponds to (3.49) and ∂yImΦ− =
dReΦ+ orresponds to (3.52). Thus we have ahieved our goal and reov-
ered the type IIB ow equations from the generalized Hithin ow equations
(4.9)(4.11) on the type IIA side.
Our next hore is to ompare the superpotentials. In (3.12) we learned
that W is related to the matrix SAB dened in (2.6). Preisely this quantity
was omputed in [29℄ in terms of the pure spinors Φ± to be
W ∼ e 12 (KV +KH)+ϕ
∫
Y
dΦ+ ∧ Φ− = e 12 (KV +KH)+ϕ(XΛeΛ − FΛmΛ) , (4.17)
where we used (4.5) and (4.8). Again this type IIA quantity preisely o-
inides with (3.17) of type IIB if we also use (A.2). Thus the Hithin ow
equations an also be viewed as gradient ow equations of the form (3.27),
(3.28) with a superpotential given by (4.17).
In summary we just showed that the DW solutions of type IIB an be
expressed as generalized Hithin ow equations for the two pure spinors Φ±
of a manifold with SU(3)× SU(3) struture as given in (4.9)(4.11).
Our nal task is to disuss the properties of the seven-dimensional man-
ifold X7. As the metri on the DW is at and the bakground M(1,2) ×w X7
solves the string equation of motion, we expet X7 to be Rii at. For half-
at manifolds this was indeed shown in refs. [21, 22, 4℄. In order to disuss
the generalization at hand let us introdue the seven dimensional exterior
derivative by
dˆ = d+ dy ∂y , (4.18)
where d ats on Yˆ6 and ∂y is the derivative with respet to the oordinate
of R. Furthermore, following [27, 28℄ one an dene the generalized forms ρ
and ∗ρ on X7 whih are given in terms of Φ± by
ρ = −ReΦ+ ∧ dy − ImΦ− , ∗ρ = ReΦ− ∧ dy + ImΦ+ . (4.19)
∗ρ is the Hodge dual of ρ with respet to the generalized metri. As noted
in [27, 28℄ the equations (4.9)(4.11) then orrespond to
dρ = ∗d∗ ρ = 0 , (4.20)
and imply that X7 has an integrable G2 ×G2 struture and is indeed Rii-
at.
17
5 Conlusions and outlook
In this paper we studied three-dimensional N = 1 DW solutions of four-
dimensional N = 2 supergravities whih arise as the low energy limit of type
IIB string theory ompatied on Calabi-Yau threefolds in the presene of
RR and NS three-form uxes. An essential ingredient in our analysis was
the newly onstruted N = 2 supergravity [11℄[14℄ whih inludes massive
antisymmetri tensors in the spetrum. The use of this supergravity is ne-
essary whenever magneti uxes are turned on as they render antisymmetri
tensors in the type IIB spetrum massive. In this respet we generalized
the previous analysis of refs. [3, 4℄ and onsistently inluded magneti uxes.
We further showed that the N = 2 salar elds vary aording to a set of
gradient ow equations and expliitly determined their solution in terms of
the uxes.
The seond aspet of the paper dealt with the type IIA mirror symmet-
ri DW solutions. Here we used the results of [29, 30, 31℄ and showed that
the ow equations of type IIB have a mirror dual whih is purely geomet-
rial and an be understood as a set of generalized Hithin ow equations
for a partiular lass of manifolds with SU(3)× SU(3) struture [28℄. As in
refs. [21, 22, 28℄ these ow equations do have a seven-dimensional interpre-
tation and an be viewed as arising from bering a six-dimensional manifold
with SU(3)×SU(3) over the real line and demanding an integrable G2×G2
struture of the resulting seven-dimensional manifold.
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Appendix
A The salar σmodel of N = 2 supergravity
In this appendix we reord some further details of the salar elds in N = 2
supergravity. They an be viewed as the oordinates of some target spae
geometry whih is onstrained by N = 2 supersymmetry. In partiular the
omplex salars of the vetor multiplets lead to a speial Kähler geometry
while the salars in the hypermultiplets span a quaternioni manifold [34℄.
Let us disuss both geometries in turn.
A.1 Speial Kähler geometry of the vetor multiplets
The omplex salars ti, i = 1, . . . , nV belonging to the nV vetor multiplets
span a speial Kähler geometry. That is their σ-model metri is a Kähler
metri with a Kähler potential




, Λ = 0, . . . , nV . (A.1)
XΛ(t) and FΛ(t) depend holomorphially on the salars t
i
and are related to
the ovariantly holomorphi setion V introdued in (2.9) by
V = (LΛ,MΛ) = e
KV /2(XΛ, FΛ) . (A.2)
For Calabi-Yau ompatiations FΛ = ∂ΛF (X) is the derivative of a
prepotential F . In the large volume or large omplex struture limit F is
given by





, i = 1, . . . , nV , (A.3)
where the cijk are onstants. A partiular set of oordinates, alled speial
oordinates, is given by




In these oordinates the Kähler potential (A.1) is given by








A.2 Geometry of tensor- and hypermultiplets
The hypermultiplet geometry is desribed in terms of real salar elds quˆ,
uˆ = 1, · · · , 4nH , (here nH is the number of hypermultiplets) whih span a
quaternioni manifold. The metri an be expressed in terms of a ovariantly
onstant vielbein UAα ≡ UAαuˆ dquˆ. More expliitly one has
huˆvˆ = UAαuˆ UBβvˆ ǫABCαβ , A, B = 1, 2 , (A.6)
where ǫAB = −ǫBA and Cαβ = −Cβα are the SU(2) and Sp(2nH ,R) invariant
metris respetively. The quaternioni vielbein obeys
∇UAα ≡ dUAα + ωˆAB ∧ UBα + ∆ˆαβ ∧ UAβ = 0 , (A.7)
where ωˆABuˆ , ∆ˆ
αβ
uˆ are the SU(2) and Sp(2nH ,R) valued onnetions.
A set of salars whih parameterizes translational and ommuting isome-
tries an be dualized into a set of nT antisymmetri rank two tensors [11℄. In
this ase the remaining salars qu, u = 1, · · · , 4nH−nT will not parameterize
a quaternioni manifold anymore. Instead their σ-model metri guv is given
by
guv = huv − hIuM IJhJv = PAαu PBβv ǫABCαβ , guv = huv , (A.8)







and dened M IJ as the inverse of hJK
M IJhJK = δ
I
K . (A.10)
The vielbein PAαu of the metri guv dened in (A.8) an be expressed in
terms of the quaternioni vielbein as follows
PAαu ≡ UAαu − AIuUAαI , P uAα ≡ UuAα , (A.11)
where AJu = hIuM
IJ
. Similarly the onnetions deompose as
ωˆABu ≡ ωABu + AIuωABI , ωˆABI ≡ ωABI ;
∆ˆαβu ≡ ∆αβu + AIu∆αβI , ∆ˆαβI = ∆αβI . (A.12)
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The new quantities satisfy a ertain number of relations [11, 33℄ and here we







u )Cαβ = guvǫ
AB , (A.13)
(PAαu UBβI + UAαI PBβu )Cαβ = 0 , (A.14)
(UAαI UBβJ + UAαJ UBβI )Cαβ = MIJǫAB , (A.15)








The onvention for raising and lowering the sympleti indies is as follows
ǫABT
B = TA , TBǫ
BA = TA , (A.17)
CαβT
β = Tα , TβC
βα = T α . (A.18)
A.3 Quaternioni geometry in Calabi-Yau ompati-
ations
So far we only disussed the geometry as it appears in general in N = 2
supergravity. In Calabi-Yau ompatiations of either type IIA or type
IIB string theory only a speial lass of quaternioni geometries, termed
`dual quaternioni geometries', arise at the tree level [37℄. This is basially a
onsequene of mirror symmetry and states that the quaternioni manifold
of real dimension 4nH neessarily has a speial Kähler submanifold of real
dimension 2nH whih is spanned by the geometrial moduli. The remaining
2nH salar elds then arise from the RR setor.
Let us be slightly more expliit. A Calabi-Yau manifold has a geomet-
rial moduli spae M whih is produt of a omponent Mk spanned by
the deformations of the Kähler form and a omponent Mcs spanned by the
deformations of the omplex struture
M =Mk ×Mcs . (A.19)
Eah omponent is a speial Kähler geometry with a Kähler potential of the
form (A.1), i.e. a Kähler potential whih an be haraterized by a holomor-
phi prepotential.
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In ompatiations of type IIA the deformations of the Kähler form
reside in vetor multiplets while the deformations of the omplex struture are
members of the hypermultiplets. In type IIB the situation is exatly reversed
and the Kähler moduli sit in hypermultiplets while the omplex struture
moduli populate the vetor multiplets. In both ases the geometrial moduli
in the hypermultiplets ombine with the salar eld from the RR setor to
span the full quaternioni geometry.
Sine we are disussing both type IIA and type IIB ompatiations in
the main text we hoose to denote the salar elds in the vetor multiplets
by ti irrespetive of their Calabi-Yau origin as Kähler or omplex struture
deformations. Similarly, we denote by za the geometrial moduli whih reside
in the hypermultiplets and whih span the speial Kähler submanifold inside
the quaternioni manifold. Their Kähler potential we denote as




, A = 0, . . . , nH , (A.20)
where WA(Z) is the seond holomorphi prepotential. In the large volume
or large omplex struture limit KH redues to












are the speial oordinates in this setor.
Finally let us also reord the relation with the onventions used in ref.
[35℄. In this paper the quantities Kˆ and K˜ are used whih are related to the
quantities used in this paper by
e−Kˆ = 2e−KH , e−K˜ = e−2ϕ , (A.23)
where ϕ is the four-dimensional dilaton. Finally, the ten-dimensional dilaton




B Expliit solution of the ow equations
In this appendix we derive the expliit solution of the vetor multiplets ow
equation.
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The formal integration of equation (3.39) is trivial and gives:(














Imposing (2.10), (3.45) on (B.1) one obtains the ondition:
KΛeΛ −KΛmΛ = 0 (B.2)
From the normalization Y 0 = − i
2
we infer K0 = 1. Expliit integration of
(3.42)(3.44) yields
bi = mix+Ki (B.3)
cijkv
jvk = cijkm
jmk x2 + 2(cijkm
jKk + ei) x+ cijkK
jKk + 2Ki (B.4)
Reinserting (B.3) and (B.4) bak into (3.43), (3.44) and making use of (B.2)
one obtains the following set of onstraints on the parameters:
m0 = 0 (B.5)
K0 = 1 (B.6)
cijkm
imjmk = 0 (B.7)
cijkm
imjKk + eim
i = 0 (B.8)
cijkm
iKjKk + 2Kim





i +K0 = 0 (B.10)
Kiei = K
iKi (B.11)
Contating (B.4) with mi and using (B.7)-(B.9) we further obtain:
cijkm
ivjvk = 0 (B.12)
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